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Local Antimagic Vertex Coloring



Introduction

Definition [Arumugam, Premalatha, Bata, Semanitova-Feiiovtikova (2017)]

The local antimagic labeling on a graph G with |V/| vertices and |E|
edges is defined to be an assignment f : E — {1,2,--- ,|E|} so that
the weights of any two adjacent vertices u and v are distinct, that is,
w(u) # w(v) where w(u) = Xecp(u)f(e) and E(u) is the set of edges
incident to u.

e Any local antimagic labeling induces a proper vertex coloring of G
where the vertex u is assigned the color w(u).

e The local antimagic chromatic number, denoted by x/,(G), is the
minimum number of colors taken over all colorings induced by local
antimagic labelings of G.

e For any graph G, x1.(G) > x(G) and the difference x1.(G) — x(G)
can be arbitrarily large.



Figure 1: The local antimagic vertex coloring of Cs with x5.(Cs) = 3



Theorem [Arumugam, Premalatha, Bata, Semanitova-Feiiov¢ikova (2017)]
For the cycle C, on n > 3 vertices, x1.(C,) =3
Proof.

e Label the edges of C, using the following formula.

n— =t if s odd
f iVi = . 2
(vivisr) { if / is even

N~

e The weight of vertices are
n if iisodd, i #1
w(vi)=<¢ n+1 if i is even
on—|2] ifi=1
e Thus x1(C,) < 3.



Cycle (cont.)

Proof (cont.)

e Suppose n is even and there exists f that induces a 2-coloring of C,.
e Let x be the color of v; if i is odd and y if i is even.

e Then J(x +y) 72[ "H ] and hence x +y =2n+2.

o If f(v;viy1) = n, then W(v,-) and w(v;41) are at least n+1 and n+2.
e Thus x+ y > 2n+ 3, which is a contradiction.

e So x,5(C,) > 3if nis even.

e Further, x(C,) =3 if nis odd and hence x1,(C,) > 3.

e Therefore x1,(C,) =3



Tree

Theorem

For any tree T with [ leaves, x/,(T) > 1+ 1.
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w(v) > fle,)

Figure 2: Tree with [ leaves



Theorem

For path P, on n > 3 vertices, x.(P,) = 3.

Figure 3: The local antimagic vertex coloring of P7 with x..(P7) =3



Friendship graph

Theorem

For friendship graph F, with n > 2, x.(F,) = 3.

Theorem

For friendship graph F, with n > 2 by removing an edge e, x..(F, —

{e})=3.

Figure 4: The local antimagic vertex coloring of F4 and Fs — {e}
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Complete bipartite graph

Theorem

For complete bipartite graph K, , with m,n > 2, x(Km.») = 2 if and
only if m= n (mod 2).

Theorem

For complete bipartite graph Ko, with n > 2, x15(Kz,,) = 2 for even
n> 2 and x52(Kz,,) =3 for odd n > 3 or n = 2.
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Graph L,

Theorem

Graph L, for n > 2 that is obtained by inserting a vertex to each edge
w;, 1 <j<n-—1, of the star, x.(L,) = n+ 1.

Figure 5: The local antimagic vertex coloring of L7 with xi(L7) =8
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Theorem

Wheel W, of order n+ 1 for n > 3, xu(W,) =4 if n=1,3 (mod 4),
Xa(W,) =3 if n=2 (mod 4), and 3 < xp,(W,) <5if n=0 (mod 4).

Figure 6: The local antimagic vertex coloring of Ws with x,(Ws) = 3
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Corollary

Fan f, of order n+ 1 for n > 6 and n = 2 (mod 4), xi(f,) = 3.

Figure 7: The local antimagic vertex coloring of fs with x1.(fs) = 3
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Graph resulting from operation

Theorem

For the graph H= G + K> where G is a graph of order n > 4, then

Xa(G)+1  for nis even

(G +1< vn(H) < i
X1a(G) + 1 < xia(H) {X/a(G)+2 otherwise.
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Theorem [Nazula, S, Dafik (2018)]

For the kite Kt, m» with n >3 and m > 1, xa(Kta,m) = 3.

Proof.

o Label the edges of Kt, n, using the following formula.

i) = mT+: if m+1iis even
iUi+1 - %3—1+L%J+L”T_1J if m+1iis odd
L2J+i if mis odd
f = 2l n
(unur) { L%lj + % if mis even
m if m is even
f = ; I
(t1v1) { mTJrl +n if mis odd
m—j if m—+j is even
flvv; — 2
(vjvj+1) { mbpL if m+j is odd
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Proof (cont.)
e The weight of vertices are

32|24+ 2] ifmisevenand i=1

w(u) = n+m+1 if m+iis even

v n+m if m+ i is odd
3m3 4 |2 4+ n if misoddand =1

w(v) = n+m if m+j is even

' n+m+1 if m+j is odd

Thus x(Kthm) < 3.

The lower bound uses x,(C,) due to Arumugam et al.

Since x12(C,) = 3 and the kite Kt, , contains contains a subgraph
that is isomorphic to the C,, then x;,(Ktn,m) > 3.

Therefore x1.(Ktym) = 3.
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Figure 8: The local antimagic vertex coloring of Kts s with x12(Kts6) = 3
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Cycle with two neighbour pendants

Theorem [Nazula, S, Dafik (2018)]

For cycle with two neighbour pendants Cp, with n > 3, x2(Cp,) = 4.

Proof.
e Label the edges of Cp, using the following formula.
el if i is odd
f(uiu = 2 .
(uitis1) { n+1—5 ifiiseven
n+1
flonm) = [T
f(uivi) = n+i ifi=1,2
e The weight of vertices are
B8] 7=
2n+3 ifi=2

n—+2 if i isodd and i >3
n+1 ifiisevenand >4

w(v;) = n+i ifi=1,2 19



Cycle with two neighbour pendants (cont.)

Proof (cont.)

e Thus x1a(Cpn) < 4.

e To show the lower bound, we suppose that f(u;vi) = my and
f(uava) = ms.

e Then w(vi) = mqy, w(va) = ma, w(uy) > my and w(up) > ms

e Clearly, w(vy) # w(wva).

e As uy is neighbour of up, then w(uy) # w(up).

e This implies that x/,(Cp,) > 4.

e We conclude that x/,(Cpn) = 4.
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Cycle with two neighbour pendants (cont.)

Figure 9: The local antimagic vertex coloring of Cps with x(Cps) = 4
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Corona Product of Graphs

Theorems

Xia(Pn @Kl)—n+2forn>4

X1a(Pn © Kin) = mn+2 for m> 2 and n > 2.
e (G, @Kl)_n+2forn>4

X1a(Co © Ko) = 2n + 2 for n > 4.

(

(

(

Xia(

® Xia

a

e (G ® Ky) =3m+3 for m> 2.
o xiu(Ch® Kny ) = mn+ 3 for odd n > 5 except finitely many m?7s.
o xa(Kn® Ky) =2n—1 for n > 3.

K, ® Ky) = mn-+nfor m>2and n> 3.
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Local Antimagic Total Vertex
Coloring




Local Antimagic Total Vertex Coloring

Definition [Putri, Dafik, Agustin, Alfarisi (2018)]

The local vertex antimagic total labeling on a graph G with |V/| vertices
and |E| edges is defined to be an assignment f : VUE — {1,2,--- ,|V|+
|E|} so that the weights of any two adjacent vertices u and v are distinct,
that is, w(u) # w(v) where w(u) = f(u) +Xecgw)f(e) and E(u) is the
set of edges incident to w.

e Any local vertex antimagic total labeling induces a proper vertex
coloring of G where the vertex u is assigned the color w(u).

e The local antimagic total chromatic number, denoted by xa:(G), is
the minimum number of colors taken over all colorings induced by
local vertex antimagic total labelings of G.

e For any graph G, x..:(G) > x(G).

24



Figure 10: The local antimagic total vertex coloring of Ce with x.¢(Ce) = 2
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Particular class of trees

Putri, Dafik, Agustin, Alfarisi (2018)

e For star S, with n > 2, x1.+(S,) = 2.
e For double star S, ,, with n > 2 and m > 2, x/at(Snm) < 3.

e For banana tree B, , with n >3 and m > 3,

4, if n odd, m odd
X/at(Bm,n) < 57 if n Odd7 m even

6, if n even, m even
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Theorem

For wheel W, of order n+ 1,

Proof.

X/at(Wn)

I
——

w
=
|
o

~—~~
=
o
oL
N

N—r

e Label all vertices and edges of W, using the following formula.

f(XI'XFH.)
f(xnx1)
f(CX,')
f(xi)

f(c)

I

n
2n+1—1i, for1<i<n
2n+ 2, fori=1
3n, for i =2, nodd

3n—i+2—(=1)™*" untuk 2 <i<n
3n+1.

for1<i<n-1
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Wheel (cont.)

Proof (cont.).

e The weight of the vertices are

5n+1, for (i + n)even

w(x) = 5n+2, fori=2, nodd
5n+3, for(i+n)odd ori=1,nodd
3n+7
w(c) = %Jrl.

e Thus x.:(W,) < 3 for n even and x.t(W,) < 4 for n odd.
W,

e Since xt(W,) > x(W,) = 3 for n even and xp.e(W,) > x(W,) =4

for n odd.
e Therefore, xp.:(W,) = 3 for n even and x5 (W,) = 4 for n odd.
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Wheel (cont.)

Figure 11: The local antimagic total vertex coloring of Ws with x.e(Ws) = 3
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Other wheel related graphs

Theorems

e For fan F, of order n > 3, xat(f;) = 3
e For friendship graph f, of order 2n + 1 with n > 2, x.:(f,) = 3
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Broom

Theorem
For broom B, , with m >3 and n — m > 2, x(Bpm) =n—m+2

Theorem

For double broom B, ,, with m >3 and n — m > 2,

1. Xuat(Bnm) < 3,and

7+2m+ /48m — 23
> .

2. Xpt(Bnm)=3,ifn>
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Prism and Mobius ladder

Theorem

For prism D,, of order 2n with n > 3,

2, n=0(mod 2)

Xiat(Dn) = { 3, n = 1(mod 2).

Theorem

For Mobius ladder M,,, of order 2n with n > 3,

3, n=0(mod 2)

a Mn:
Xiat(Mz0) { 2, n=1(mod 2).
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Super Local Antimagic Total Ver-
tex Coloring




Super Local Antimagic Total Vertex Coloring

Definition
The super local vertex antimagic total labeling on a graph G with |V/|

vertices and |E| edges is defined as local vertex antimagic total labeling
where the vertices of G receive the smallest labels, that is, 1,2, ..., |V/|.

e Any super local vertex antimagic total labeling induces a proper
vertex coloring of G where the vertex u is assigned the color w(u).

e The super local antimagic total chromatic number, denoted by
Xsiat(G), is the minimum number of colors taken over all colorings
induced by super local vertex antimagic total labelings of G.

e For any graph G, xsat(G) > x12t(G) > x(G).

34
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Figure 12: The super local antimagic total vertex coloring of Cs with
Xslat(CG) =2
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Theorem

For cycle C, of order n > 3,

3, if nis odd
Xlas(Cn) = {

2, if nis even.

Theorem

For path P, of order n > 4, 3 < xg.t(Pp) < 4,

36



Gear and Generalised Wheel

Theorem
For gear J, 1 of order 2n+ 1 and odd n > 5, xsat(Jn1) = 3.

Theorem

For generalized wheel W} of order mn+ 1 where m > 1 and n > 3,

3, neven

sla Wy) =
Xsiat(Won) { 4, n odd

37



Local Antimagic Edge Coloring




Local Antimagic Edge Coloring

Definition [Agustin, Hasan, Dafik, Alfarisi, Prihandini (2017)]

The local edge antimagic labeling on a graph G with |V/| vertices and
|E| edges is defined to be an assignment f : V — {1,2,--- |V|} so
that the weights of any adjacent edges, that is {w(uv) : w(uv) =
f(u) + f(v),uv € E}, are distinct.

e Any local edge antimagic labeling induces a proper edge coloring of
G where the edge uv is assigned the color w(uv).

e The local antimagic edge chromatic number, denoted by X/ea(G), is
the minimum number of colors taken over all colorings induced by
local edge antimagic labelings of G.

e For any graph G, x1..(G) > X/'(G).
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Cycle

Theorem [Agustin, Hasan, Dafik, Alfarisi, Prihandini (2017)]

For the cycle C, on n > 3 vertices, x/ea(Cp) = x12(Cn) =3

Figure 13: The local antimagic edge coloring of Cs with xea(Cs) = 3
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Theorem [Agustin, Hasan, Dafik, Alfarisi, Prihandini (2017)]

For the path P, on n > 2 vertices, X/ea(Pn) = 2.

4 2 7

1 6 3 5
Oo—0 OTC9C7C9O

7 9

Figure 14: The local antimagic edge coloring of P7 with x/e(P7) = 2

a1



Complete Graph

Theorem [Agustin, Hasan, Dafik, Alfarisi, Prihandini (2017)]

For the complete graph K, on n > 3 vertices, Xjea(Kn) =2n—3
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Wheel related graphs

o Wheel W, for n > 3, xjes(fn) = n+2

Fan graph f, for n > 3, xea(fn) = n+1

Gear graph Jp 1 for n > 3, Xjea(Jn1) = n+2

Helm graph H, for n > 3, xjea(Hn) = n+3

Flower graph Fl, for n > 3, xjea(Fln) =2n+1

Sun flower graph SFI, for n > 3, xjea(SFl,) =2n—1
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Corona Product of Graphs

Theorem

For corona product of cycle C, and m copy of K; where n > 3 and
m > 1v XIea(Cn © mKl) =m+ 3:

Theorem

For corona product of any graph G of order n > 3 and m copy of K;
where m > 1, x/ea(G © mK1) = X1ea(G) + m,

a4



Local Antimagic Total Edge Coloring

Definition [I.H. Agustin, Dafik, M. Hasan, 2017]

The local edge antimagic total labeling on a graph G with |V/| vertices
and | E| edges is defined to be an assignment f : VUE — {1,2,--- | |V|+
|E|} so that the weights of any adjacent edges, that is {w(uv) : w(uv) =
f(u)+ f(uv) + f(v),uv € E}, are distinct.

e Any local edge antimagic total labeling induces a proper edge
coloring of G where the edge uv is assigned the color w(uv).

e The local antimagic total edge chromatic number, denoted by
Xieat(G), is the minimum number of colors taken over all colorings
induced by local edge antimagic total labelings of G.

e For any graph G, x/eat(G) > X/(G).

e If the vertices of G receive the smallest labels, that is, 1,2,...,|V/|,
then the such labeling is called super local edge antimagic total
labeling.

e Any super local edge antimagic total labeling also induces a proper
edge coloring of G. 45



Conclusion




Summary of local antimagic labeling

Local Antimagic

Labeling X
X X

Local Antimagic

Local Antimagic Total X X X Xiat 2 Xslat 2 Xia 2 X
Super Local Antimagic Total x (min) X X

Local Edge Antimagic X X

Local Edge Antimagic Total X X X Xieat = Xsleat 2 Xiea 2 X
Super Local Edge Antimagic Total x (min) X X
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Summary of known results on local antimagic labeling

T T TR

Cycle G,,n>3 Siirbenn | 2iaiso Piatyonn | 2iahewn
Path P, n>3 3 3sy<4 2 i 2
Wheel W, n=3 i 3:.’::.;1:,) o Mineem | T2 n+l ?

3<yeSitn=0

(mod 4)

FanF, n>3 3 3 ? n+1 n+1 ?
Friendship f,, n>2 3 3 3 2n+1 2n+1 ?
Complete Bipartite Graph > 21" 2 2 ? ? ?
Ko mn 22
Complete Graph K, n>3 n n n 2n-3 ? ?
Star K ,.;, n >3 n 2 2 n-1 ? ?
Tree T with | leaves 24P | SRS [ S ? ? ?
Kite Kt,,,, n>3,m>1 3 ? ? ? 3 3
Cycle with 2 pendants 4 ? ? ? ? ?
Prism D, n >3 ? e [ g 5 ? 2
Mobius Ladder M,,, n>3 ? ) ? ? ? ?
GearJ, n>5 ? 3 3 ? n+1 ?

Note: refer to previous slides for the authors
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Open Problems

Open Problem 1

Determine the (super) local antimagic (total) (edge) chromatic number
of other class of graphs G.

Open Problem 2

Characterize the class of graphs G for which x,(G) = x(G).

Open Problem 3

Characterize the class of graphs G for which x1.:(G) = x(G), Xea(G) =
X/(G), or X/eat(G) = X/(G) and X/a(G) = Xlat(G) = Xslat(G) or
X/ea(G) = X/eat(G) = Xsleat(G)-

Open Problem 4

How about local irregular labeling vertex or edge coloring?
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THANK YOU
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